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PREFACE. 



The aim of this little book is to lay a sure foundation 
for notational and symbolic arithmetic by setting 
forth shortly but thoroughly the essential nature 
and fundamental properties of numerical operations 
wholly disentangled from the consideration of any 
particular method of dejioting ninnbers. 

The unceasing call' fqr easyf-qiofles of calculation 
in the daily business of/life^ along with the tendency 
to pass over without examination things so familiar 
and such mere matters of course as the simpler re- 
lations of numbers, has led to the custom of looking 
at arithmetic only through the medium of the ordi- 
nary system of notation, and hence of mixing up 
together undistinguishably numerical operations and 
notational processes, until at last the foundation of 
pure science whereon the whole rests has been well 
nigh lost sight of and arithmetic and cyphering have 
become in fact almost convertible terms. Althoui^ 
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doubtless arithmetical results of much value can be 
gained^ at least without a sheer waste of labour, only 
by means of numerical notation and notational pro- 
cesses, yet it is precisely the nature and properties 
of numerical operations strictly so called out of 
which that very notation and those very processes 
spring, without which they would not be, and by 
understanding which consequently they can alone 
be understood. The readiest, if indeed not the only, 
way to arrive at a true knowledge of arithmetic, 
and much more of its mighty offshoot algebra, seems 
therefore to be to seek out first of all what numerical 
operations and their properties really are quite irre- 
spective of any system of numerical language and 
notation on the bare supposition that notions are 
somehow formed of numbers and that names are 
somehow given to them. 

The importance of sound principles in such a 
imiversally used instrument of education as arith- 
metic is so clear that it need only be hinted. 
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PURE ARITHMETIC. 



Article 1. Whatever can be regarded as a whole 
made up of parts anywise like the whole is called a 
magnitude. 

A magnitude is said to he of the same kind as^ or 
of a different hind from^ another magnitude according 
as it can^ or cannot, be thought to be either greater 
than, equal to, or less than, that other. For instance 
all straight lines are magnitudes of the same kind, 
and all plane surfaces are magnitudes of the same 
kind, but a straight line and a plane surface are 
magnitudes of different kinds. 

Any part of a magnitude if a magnitude at all is 
clearly a magnitude of the same kind as the whole. 

If any thing and any other thing be put together, 
and to the group thus made another thing be put, 
and again to this new group another thing be put, 
and so on, other groups being made successively in 
the same way by putting to each group when made 
another thing to make the next following group ; and 
if the things which make up the several groups be 
viewed solely as individual members of the groups, 
A 
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leaving entirely out of consideration what the things 
are, how they are arranged in the several groups, and 
all else about the things : — still the groups differ from 
one another, and from the things contained in them, 
in respect of what is called the number of things in 
each of them. Accordingly such groups are spoken 
of as different numbers of things^ or as different 
numbers simply ; they may also be called numerical 
magnitudes. 

Arithmetic is the science which deals with numerical 
magnitudes. 

2. All particular numbers are to be regarded as 
defined in the following way : — ^Each thing in any 
group of things is called one of the things, or a unit^ 
or unity. A group made by putting to a thing 
another thing is said to consist of two things or units. 
A group made by putting to a group of two things 
another thing is said to consist of three things. In 
like manner groups are said to consist of four^ five^ 
sixy seveny &c. things, which are made respectively 
from groups of three, four, five, six, &c. things, by 
putting to them severally another thing. And all 
groups made up of different particular numbers of 
things are to be conceived in this way as made 
successively one from another by putting to them in 
order one of the things or unities. Since an endless 
series of such groups can be thus made it is clear 
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that the definitions of different specific numbers 
must likewise be endless. The language however 
which is used to express different numbers of things 
is so devised as in a great measure to point out the 
manner of their successive formation^ and on this 
account serves in a great measure to define as well as 
to denote the different particular numbers referred to. 

Numbers, like everything else, are considered to 
be equal to one another when they are perfectly alike 
in respect of that by which alone they are distin- 
guished from one another. In the case of numbers 
indeed this equality is often regarded as amounting 
to sameness. A number is said to be equal to, or the 
same as, another number when to each unit of the 
one there corresponds a unit of the other, — or which 
is the same thing, those numbers are equal to one 
another which have the same name. 

A number is said to be greater than another num- 
ber when a number equal to the former is among 
those numbers which can be derived from the latter 
by putting units in succession to it and to the num- 
bers successively obtained. The latter number in 
this case is also said to be less than the former. 

3. The following principles, which may be regarded 
as certain elements either inherent in the fundamental 
notion of number or necessarily lying at the root of 
all numerical relations, must be postulated : — 
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AU the units which make up any particularnumber 
are equal to one another. 

Things may be numbered together as units although 
they should in many respects differ widely from one 
another. Inasmuch however as they are considered 
to be, all equally, separate individual things in any 
group of things, insomuch are they equal units in the 
number of things in the group. 

Any number greater than two may he made up in 
different ways of less numbers as parts. 

The number one is anything whatever. The num- 
ber two is the only number which can be made up 
of nothing else than units. The number three may 
be made up of units and also of the numbers two 
and one. Every other number may be made up, 
and that in various ways, of numbers else than units 
as well as of units. 

Other principles, admitted on all hands and by no 
means confined in their application to numbers, are 
needed besides ; such as — 

Whatever are equal to the same are equal to one 
another. 

A whole is equal to the aggregate of its parts. 

If equals he put to equals the wholes are equal. 

A whole is greater than itsjjart. 

If equals be put to unequals the whole which contains 
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the greater unequal is greater than the whole which 
contains the less. 

A whole of which the parts are as many as and 
severally greater than the parts of another whole is 
greater than that other. 

If equals be taken from equals the remainders are 
equal. 

If equals he taken from unequals the remainder of 
the greater unequal is greater than the remainder of 
the less. 

Of these last eight propositions the first four only 
are truly fundamental and independent of one 
another; and the rest in order flow out therefrom 
as easy consequences. 

4. To add together given numbers/ that is, to find 
the number of which certain given numbers are the 
parts. 

The numbers to be added together are called 
addendsy and the nimiber of which they are the parts 
is called their sum. 

First to add together two given numbers. The 
addition together of every different pair of numbers 
constitutes the matter of a distinct proposition. If 
one of the pair be one the sum is given (art. 2) as a 
matter of definition. If neither be one the way of 
proceeding to find the sum is always the same and is 
as follows : — To add together the numbers seven and 
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six. The aggregate of seven and one is (art. 3) equal 
to the sum of seven and one which by definition 
(art. 2) is eight. To each of these equals put one and 
(art. 3) the wholes are equal ; therefore the aggregate 
of seveny one, and one^ is equal to the aggregate of 
eight and one. But because the aggregate of one and 
one is (art. 2) twOy by putting seven to each^ the 
aggregate of seven^ one, and one, is equal to the aggre- 
gate of seven and two. Moreover the aggregate of 
eight and one is equal to the sum of them or (art. 2) 
nine. Therefore the aggregate of seven and two is 
equal to nine. Again putting one to each of these 
equals it follows (art. 3) that the aggregate of seven, 
two, and one, is equal to the aggregate of nine and 
one. But because the aggregate of two and one is 
equal to their sum that is three, the aggregate of 
seven, two, and one, is equal to the aggregate of seven 
and three. Besides the aggregate of nine and one is 
equal to their sum that is ten. Therefore the aggre- 
gate of seven and three is equal to ten. By repeating 
the like process it may be shown at successive steps 
that the aggregate of seven ojidfour is equal to eleven, 
of seven onA^ve to twelve, and lastly of seven and six 
to thirteen. Therefore thirteen is the sum of seven 
and six. 

Next to add together more than two given numbers. 
Let any two of the given numbers be added together 
in the way just shovm^ and let the sum so found and 
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another of the given numbers be added together in 
the same way. The sum last found is the sum of 
the three numbers. For the aggregate of the first 
two numbers is (art. 3) equal to their sum, and 
putting the third number to each of these equals it 
follows (art. 3) that the aggregate of the three 
numbers is equal to the aggregate of the third nxun- 
ber and the sum of the first two numbers. But the 
aggregate of the third number and the sum of the 
first two numbers is equal to the simi of that number 
and sum. Therefore the aggregate of the three nimi- 
bers is equal to the sum of that same number and 
sum. 

Again let the sum of the three numbers thus found 
and a fourth given number be added together. The 
new sum is the sum of the four numbers. For the 
new-found sum and the aggregate of the four 
numbers, being each equal to the a^regate of the 
fourth number and the sum of the first three numbers, 
are equal to one another. 

In the same way may the sum of more than four 
given numbers be found. 

The. addition together of numbers may be repre- 
sented in a palpable manner. If the numbers to be 
added together be represented by rows of dots 

A. B .c D 



stretching firom A to Bj from B to C^ and firom 
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C to Dy placed together so as to make a continuous 
row ; the number which is the sum of these numbers 
will be represented by the row of dots stretching 
from Aio D, 

5. The final mm got by adding all hut one of any 
given numbers in succession to that one and to the 
successive sums that are obtained is the same in 
whatever order the numbers are taken, and is the 
same as the sum got by adding to any one of the given 
numbers the sum of all the rest. 

The addition together of two numbers consists in 
the putting successively as many units as are con- 
tained in one of them to the other and to the 
numbers thus made in succession, and therefore is 
really not so much the addition together of the two 
numbers as the addition of one of them to the other. 
But because the aggregate of the two numbers is 
equals both to the single number got by adding the 
second number to the firsts and to the single number 
got by adding the first number to the second^ the 
sums obtained in the two cases are identical. 

Again^ the addition together of more than two 
numbers consists in the adding to one of them 
another of them, adding to the sum so got another 
of them, adding to the sum then got another, and 
so on until the last of the numbers be reached. 
Now in whatever order the nimibers are taken in 
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this process the final sum is always equal to the 
same^ viz. to the aggregate of the given numbers. 
Therefore the final sum is the same in whatever 
order the numbers are taken. 

Moreover, the sum got by adding to any one of 
the given numbers the sum of all the rest is the 
same as the sum got by adding to this sum that 
number and therefore is the same as the final sum 
got by adding in succession all the given numbers 
except one of them taken in any order whatever to 
that one and to the sums that are successively 
obtained. 

6. J^om the greater of two given numbers to sub- 
tract the less ; that is, hating given a number and 
also apart of it to find the other part. 

The number to be subtracted is called the subtra- 
hendf the number from which it is to be subtracted 
the minuend, and the number which together with 
the subtrahend makes up the minuend the remainder, 
excess, or difference. 

Although the subtraction of one number from 
another, like the addition together of two numbers, 
is different fur every different two nimibers yet the 
method of proceeding is the same for any two. Thus 
from seventeen to subtract nine. Seventeen is the 
sum and therefore equal to the aggregate of sixteen 
and one. Also sixteen is the sum and therefore 
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equal to the aggregate of fifteen and one; and 
putting one to each of these equals the aggregate 
of sixteen and one is equal to the aggregate of 
fifteen, one^ and one. Therefore seventeen is equal 
to the aggregate of fifteen, one, and one. But 
because two is the aggregate of one and one, by 
putting fifteen to each, the aggregate oi fifteen and 
two is equal to the aggregate of fifteen, one, and one. 
Therefore seventeen is equal to the aggregate of 
fifteen and two. Again because fifteen is the sum 
and so equal to the aggregate of fourteen and one, 
the aggregate of fifteen and two, and therefore also 
its equal seventeen, is equal to the aggregate of four- 
teen, one, and two. But since three is the sum and 
consequently equal to the aggregate of one and two, 
the aggregate oi fourteen and three is equal to the 
aggregate oi fourteen, one, and two. Therefore seven- 
teen is equal to the aggregate of fourteen and three. 
In exactly the same way it may be shown at 
successive steps that seventeen is equal to the aggre- 
gate of thirteen and four, to the aggregate of twdve 
and five, of eleven and six, of ten and seven, and 
lastly of nine and eight. Hence if one part of 
seventeen be nine the other part is eight. 

Subtraction may be done otherwise by following a 
course quite like that followed (art. 4) in the addition 
together of two numbers. Thus to subtract sixteen 
from twenty-four. By taking the course referred to 
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it may be shown successively that the aggregate of 
sixteen and one is equal to seventeen, that of sixteen 
and two to eighteen, of sixteen and three to nineteen, 
of sixteen and four to twenty, of sixteen and ^t?e to 
twenty-one, of sixteen and m to twenty-two, of sixteen 
and 5^6W to twenty-three^ and of sixteen and ei^A^ to 
twenty-four. If therefore sixteen be subtracted from 
twenty-four the remainder is ^A^. 

If from a number represented by the row of dots 
^5, a number represented by the part CB of that 

A. c B 



row be subtracted, the number represented by the 
remaining part ^C of the row is the remainder. 

7. The remainder left after subtracting one num- 
ber from another is the same as the remainder left 
after subtracting the sum of the f(mner number and 
any number from the sum of the latter number and 
the selfsame number. 

If from a number represented by the row AB a 
number represented by CB a part of the row be 
subtracted, the remainder is represented by the other 

A. .0 B .D 



part AC. But if to each of the numbers AB, CB, 
there be added any number represented by the row 
BD placed so as to be in a continuous row with 
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each of the rows AB^ CB, the sums are respectively 
represented by -4D, CD ; and if from the number 
AD the number CD be subtracted the remainder 
is still represented by the row AC. Therefore the 
same remainder is got if from a number another be 
subtracted as if from the sum of the former number 
and any number the sum of the latter and the self- 
same number were subtracted. 

8. If numbers be subtracted in succession from a 
number and from the remainders successively obtained, 
the last remainder obtained is the same in whatever 
order of succession the numbers are taken, and is the 
same as the remainder obtained by subtracting the 
sum of the numbers from the number. 

If from a number represented by AB another 
number represented by the part CB be subtracted, 
and from the remainder left represented by the other 

A. .E .D .0 .B 



part AC another number represented by the part 
DC he subtracted^ and from the new remainder left 
AD another number ED be subtracted; the last 
remainder AE is the same as the remainder got if 
from the number AB there were at once subtracted 
the number EB, and the number EB is the sum of 
the numbers CB, DC, ED. The like manifestly 
holds however many numbers are subtracted. 
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Moreover in whatever order of succession the 
numbers are subtracted the last remainder is alwajrs 
the same as the remainder got by an immediate 
subtraction of the sum of the numbers subtracted, 
and this sum is (art. 5) not changed by changing the 
order of the numbers. Therefore the last remainder 
is the same in whatever order of succession the 
numbers are taken. 

9. If from a number another number he subtracted 
and to the remainder a third numher be added, the 
sum got is the same as the remainder which would 
be got if from the sum of the first and third numbers 
the second number were subtracted. 

If from a number represented by AB a number 
represented by the part -4C be subtracted, and to 
the remainder CB a third number BD placed con- 

A. .0 .B D 



tinuous with AB and with CB be added, the sum so 
got is represented by CD. But if to the number AB 
the number BD were added and from the sum AD 
the number -4C7were subtracted the remainder then 
got would also be represented by CD, 

10. The result of a series of successive operations 
consisting of additions and subtractions of numbers is 
the same in whateoer possible order of succession these 
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operations are performed^ and is the same as the 
remainder got hy subtracting from the sum of the 
number first operated on and dU the numbers added 
the sum of aU the numbers subtracted. 

Let numbers be added in succession to a number and 
to the sums that are successively obtained, let numbers 
be then subtracted in succession from the last sum and 
from the remainders successively obtained, again let 
numbers be added in succession to the last remainder 
and to the sums successively obtained, again numbers 
subtracted in succession from the last sum and from 
the remainders successively, obtained, other numbers 
added as before, others subtracted, and so on to any 
length. The order in v^hich the numbers of the first 
set of addends are added together is (art. 5) matter 
of indifference; and subtracting successively the num- 
bers of the first set of subtrahends is (art. 8) equivalent 
to subtracting at once the sum of these numbers ; also 
the successive additions of the second set of addends 
are (art. 5) equivalent to the immediate addition of 
the sum of them ; and so on for the other sets of sub- 
trahends and of addends. Hence the final result is 
the same as v^rould be got if from the sum of the first 
set of addends the sum of the first set of subtrahends 
were subtracted, then to the remainder the sum of the 
second set of addends were added, then from the sum 
the sum of the second set of subtrahends subtracted, 
and so on for the rest. Now when from the sum of 
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the first set of addends the sum of the first set of sub- 
trahends is subtracted and to the remainder the sum 
of the second set of addends is added^ the result is 
(art. 9) the same as would be got if to the sum of the 
first set of addends the sum of the second set of ad- 
dends were added and from the sum the sum of the 
first set of subtrahends were subtracted. Therefore 
the result got after subtracting the sum of the second 
set of subtrahends is the same as would be got if to 
the sum of the first set of addends the sum of the 
second set of addends were added^ from the sum the 
sum of the first set of subtrahends were subtracted, 
and then from the remainder the sum of the second set 
of subtrahends were subtracted. But this last result 
again is (art. 8) the same as if from the sum^ got by 
adding to the sum of the first set of addends the sum 
of the second set of addends^ there were subtracted 
the sum got by adding to the sum of the first set of 
subtrahends the sum of the second set of subtrahends. 
Also the sum of two sums the one of one set and the 
other of another set of numbers is (art. 6) equal to 
simply the sum of all the niunbers in both sets. 
Therefore the result got after subtracting the sum of 
the second set of subtrahends is the same as would be 
got if from the sum of the numbers in the first and 
second sets of addends the sum of the numbers in the 
first and second sets of subtrahends were subtracted. 
By repeating a precisely like process may it be shown 
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that the result arrived at after adding the sum of any 
one of the sets of addends or after subtracting the 
sum of any one of the sets of subtrahends is the same 
as the remainder got if from the sum of all the num- 
bers in all the sets of addends up to that set the sum 
of all the numbers in all the sets of subtrahends up 
to that set were subtracted. Hence the result of a 
series of successive additions and subtractions of num- 
bers is the same as the remainder got when from the 
sum of the number first operated on and all the 
numbers added there is subtracted the sum of all the 
numbers subtracted. 

Moreover, since the sum of any numbers is (art. 5) 
independent of the order in which they are added 
together, it hence follows that the result of a series of 
successive additions and subtractions of numbers is 
the same in whatever possible order of succession the 
operations are performed, provided only the same 
numbers be used, one of them as the number first 
operated on and the rest of them as the numbers 
added, and the same numbers be used as the numbers 
subtracted. 

Of course in any proposed order of succession of 
the operations the result from which a number is to 
be subtracted must be not less than that number ; on 
this account particular orders of succession may be 
impossible. 
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11. If to a number another number he added and 
from the sum a third number be subtracted^ the 
remainder is the same as the result which would he 
got were the difference between the second and third 
numbers added to or subtracted from the first num- 
ber according as the second number is greater or less 
than the third. 

To a number represented by the row of dots AB 
let there be added another number represented by the 
row of dots BC so placed as to form with AB an 
unbroken row, and from the sum represented by the 

A. B .D .0 
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whole row ^C let a third number represented by the 
part DC he subtracted. The remainder is represented 
by the other part AD. Now if the second number 
be greater than the third (to which case the first 
figure refers) the number AD is the sum got by 
adding, to AB the first number, the excess BD of 
BC the second number over DC the third. But if 
the second number be less than the third (to which 
case the second figure refers) the number AD is the 
remainder got by subtracting, from AB the first 
number, the excess DB oi DC the third number 
over BC the second. 
B 
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12. If to a number there he added the result of a 
series of successive operations consisting of additiom 
and subtractions of numbers^ the sum is the same ($s 
the restdt of another series of successive opercMons 
consisting of first the addition to that number of the 
number first operated on in the form^ series and 
then the same additions and subtractions of numbers 
as in the former series. 

Since the result of a series of successive additions 
and subtractions of numbers is (art. 10) the same as 
the remainder got by subtracting, from the sum of 
the number first operated on in the series and all the 
numbers added, the sum of all the numbers subtracted; 
the sum of any number and that result is the same 
as the sum of the same number and that remainder. 
But the sum of the number and remainder is (art. 11) 
the same as the result got by adding to the number 
the sum of the number first operated on in the series 
and all the numbers added and then subtracting from 
the sum so obtained the sum of all the niunbers sub- 
tracted ; and consequently is also the same as — ^what 
this result is (art. 6) the same as — the remainder got 
by subtracting from the sum of that number the 
number first operated on and all the numbers added 
the sum of all the numbers subtracted. Therefore 
the sum of a number and the result of a series of 
successive additions and subtractions of numbers is 
the same as the remainder left when from the sum of 
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that number the number first operated on in the series 
and all the numbers added there is subtracted the 
sum of all the numbers subtracted ; and therefore is 
(art. 10) also the same as the result of another series 
of successive additions and subtractions wherein any 
one of the numbers that make up the former sum is 
the number first operated on and the rest of them are 
the nimibers adcLed, and the numbers that make up 
the latter sum are the numbers subtracted. 

13. If from a number there be subtracted the 
result of a series of successive operations consisting of 
additions and subtractions of numbers, the remainder 
is the same as the result of another series of successive 
operations consisting of additions and subtractions, 
wherein that number and the numbers subtracted in 
the former series are, one of them the number first 
operated on and the rest of them the numbers added, 
and the number first operated on and the numbers 
added in the former series are the numbers subtracted. 

Because the result of a series of successive additions 
and subtractions is (art. 10) the same as the remainder 
got by subtracting from the sum of the number first 
operated on in the series and all the numbers added 
the sum of all the numbers subtracted, any number 
exceeds that result by the same as it exceeds that 
remainder. But the excess of a number over that 
remainder is (art. 11) the same as the excess of 
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the sum got by adding to the number the sum 
of the numbers subtracted in the series of additions 
and subtractions over the sum of the number first 
operated on in the series and all the numbers added^ 
which again is (art. 5) the same as the excess 
of the sum of that number and all the numbers 
subtracted in the series over the sum of the number 
first operated on in the series and all the numbers 
added. Therefore the remainder got by subtracting 
from a number the result of a series of successive 
additions and subtractions of numbers is the same as 
the remainder got by subtracting from the sum of 
that number and all the numbers subtracted in the 
series the sum of the number first operated on in the 
series and all the numbers added, and is therefore 
(art. 10) also the same as the result of another series 
of successive additions and subtractions in which the 
first-mentioned number and the numbers subtracted 
in the former series are taken one of them for the 
number first operated on and the rest of them for 
the numbers added, and the number first operated on 
in the former series and the nimibers added are taken 
for the numbers subtracted. 

14. To multiply one given number hy another ; that 
is J to find the number which is made up of as many 
equal parts each equal to the former given number as 
are expressed by the latter. 
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The number to be multiplied is called the mum" 
pUcandj the number which expresses how many parts 
each equal to the multiplicand are to make up the 
whole the multiplier y and the nimiber which is the 
whole so made up the prodtict 

The product of the multiplication of one number 
by another is precisely the sum of as many numbers 
each equal to the multiplicand as are expressed by 
the multiplier and therefore may be found by the 
method of article 4. 

15. Equimtdtiples of equah are equal, 

A magnitude wholly made up of parts each equal 
to another magnitude is called a multiple of that other. 

If equals be put to equals the wholes are (art. 3) 
equal, and if equals be put to the equal wholes the 
new wholes are equal, and so on. Hence a whole of 
which the parts are as many as, and severally equal 
to, the parts of another whole is equal to that other. 
If moreover all the parts of each of the wholes be 
equal to the same, it follows that equimultiples of 
equals are equal. 

In particular if the equals be equal numbers, the 
products made by multiplying equals by equals are 
equal. 

16. TjT a number he multiplied by another number j 
and the product thus made he multiplied hy another 
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number f and the new prodtict hy another , and so an ; 
the final product is the same as the product made hy 
multiplying the first number hy the final product got 
by multiplying hy the third, fourth^ fifth, 8fc. numbers 
in stcccession the second number and the products suc- 
cessively obtained. 

Let groups of things be made each containing as 
many things as are expressed by the first of any given 
numbers ; then let groups of these groups be made 
each containing as many of them as are expressed by 
the second of the given numbers ; again let groups of 
a third class be made each containing as many groups 
of the second class as are expressed by the third of 
the given numbers; and so on^ each group of any 
class being made to contain as many groups of the 
immediately precedmg class as are expressed by the 
corresponding given nimiber. The number of things 
in each group of the second class is expressed by the 
product of the multiplication of the first number by 
the second. Therefore the number of things in each 
group of the third class is expressed by the product 
of the multiplication of that product by the third 
nimiber. And so on for the rest. Therefore at last 
the number of things in each group of the last-made 
class is expressed by the final product got by multi- 
plying by the second, third, fourth, &c. numbers in 
succession the first number and the products succes- 
sively obtained. But in like manner it follows that 
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the number of groups of the first class contained 
in each group of the last-made class is expressed by 
the final product got by multiplying by the third, 
fourth, fifth, &c. numbers in succession the second 
number and the products successively obtained. Con- 
sequently the number of things in each group of the 
last-made class is expressed by the product made by 
multiplying the first of the given numbers by that final 
product. Since then the number of things in each 
group of the last-made class is expressed, both by the 
final product got by multiplying by the second, third, 
fourth, &c. numbers in succession the first number 
and the successive products obtained, and by the pro- 
duct of the multiplication of the first number by the 
final product got by multiplying by the third, fourth, 
fifth, &c. numbers in succession the second number 
and the successive products obtained; the results 
of these two different sets of operations must be 
identical. 

17. The product made by multiplying one numher 
by another is the same as the prodtict made by mtdti- 
plying the second number by the first. 

Let things be arranged in a set of groups, each 
group containing as many things as are expressed by 
any number, and the set containing as many groups 
as are expressed by any other nimiber. The number 
of things in the set of groups is expressed by the 
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product made by multiplying the first number by the 
second. Let the same things be again arranged in a 
new set of groups by taking one thing from each 
group of the old set to form each group of the new. 
Each new group contains as many things as are 
expressed by the second number, and the new set 
contains as many groups as are expressed by the 
first number. Therefore the number of things is 
expressed by the product made by multiplying the 
second number by the first. Hence the same number 
is got for the product of the multiplication of one 
number by another and for the product of the multi- 
plication of the second number by the first. 

The common result of these two different operations 
may be spoken of as the product of the multiplication 
together of the two numbers or shortly the product of 
the two numbers. 

18. The product made by multiplying together a 
number and the sum of other numbers is the same as 
the sum of the products made by multiplying together 
that number and each of the other numbers. 

Let any numbers be represented severally by rows 
of dots AB, BCy CD, placed in an unbroken row so 
that their sum is represented by the whole row AD. 
Let as many such whole rows and their parts be 
placed side by side as are expressed by any number, 
so aa to form the whole system of dots AEFD and 
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the parts of that system AEGB, BGHC, CHFD. 
The system AEFD represents the product made by 
multiplying together the number and the sum of the 
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numbers AB, BC^ CD, and represents also the sum 
of the numbers represented severally by the systems 
AJEGB, BGHC, CHFD. But these last mentioned 
nimibers are the products made by multiplying 
together the number and each of the numbers AB, 
BCj CD. Hence the product of a number and the 
simi of numbers is the same as the sum of the pro- 
ducts of the number and each of the numbers. 



19. If the firBt two in any set of nimibers be m^rf- 
tiplied together y and the prodtict thus made and the 
next number in the set be multiplied together, and the 
new product made and the next number then multi- 
plied together, and so on to the last number in the set; 
the Jinai product obtained is the same in whatever 
order the numbers are arranged in the set. 

Let two numbers be multiplied together and let 
the product made be multiplied by a third number. 
Because the product made by multiplying together 
the first and second numbers is (arts. 14 and 17) equal 
both to the sum of as many numbers each equal to 
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the first number as are expressed by the second num- 
ber and to the sum of as many numbers each equal 
to the second number as are expressed by the first 
number, the product made by multiplying that pro- 
duct by the third number is equal to each of the 
products made by multiplying each of those sums 
by the third number^ and therefore is (art. 18) equal 
both to the sum of as many numbers each equal to 
the product made by multiplying together the first 
and third numbers as are expressed by the second 
number and to the sum of as many numbers each 
equal to the product made by multiplying together 
the second and third numbers as are expressed by 
the first number. But the former of these sums is 
(art. 14) the product made by multiplying the pro- 
duct of the first and third numbers by the second 
number, and the latter is the product made by multi- 
plying the product of the second and third numbers 
by the first number. Therefore each of these pro- 
ducts is the same as the product made by multiplying 
the product of the first and second numbers by the 
third number. 

Again let the common result of these various 
operations, which may be called the product of the 
multiplication together of three numbers^ be multi- 
plied by a foTirth nimiber. Since, by what has just 
been proved, the product made by multiplying together 
the first, second, and third numbers is equal, firstly 



AbT. 19.] PURE ARITHMETIC. 27 

to the sum of as many numbers each equal to the 
product of the second and third numbers as are 
expressed by the first number^ secondly to the sum of 
as many numbers each equal to the product of the 
first and third numbers as are expressed by the 
second number, and thirdly to the sum of as many 
numbers each equal to the product of the first and 
second numbers as are expressed by the third number ; 
the product made by multiplying that product by 
the fourth number is equal to each of the products 
made by multiplying those sums severally by the 
fourth number, and consequently is (art. 18) also 
equal, firstly to the sum of as many numbers each 
equal to the product of the second, third, and fourth 
numbers as are expressed by the first number, secondly 
to the sum of as many numbers each equal to the 
product of the first, third, and fourth numbers as are 
expressed by the second number, and thirdly to the 
sum of as many numbers each equal to the product of 
the first, second, and fourth numbers as are expressed 
by the third number. But these sums are severally 
(art. 14) firstly the product made by multiplying by 
the first number the product of the multiplication 
together of the second, third, and fourth numbers, 
secondly the product made by multiplying by the 
second number the product of the multiplication 
together of the first, third, and fourth numbers, and 
thirdly the product made by multiplying by the third 
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number the product of the multiplication together of 
the firsts second, and fourth numbers. Therefore 
each of these products is equal to the product made 
by multiplying by the fourth niunber the product of 
the multiplication together of the first, second, and 
third numbers. 

In like manner it may be shown that the product 
made by multiplying by a fifth number the product of 
the multiplication together of four numbers is equal 
to each of the products made by multiplying by each 
of these four numbers the product of the multiplica- 
tion together of the other three and the fifth number. 
And by repeating the like process it may be shown 
for any number of numbers that if two of the numbers 
be multiplied together, and the product made and 
another of the numbers be multiplied together, and 
the product then made and another of the numbers, 
and so on imtil the numbers be exhausted^ the last 
product made is the same in whateyer order the 
numbers are taken. 

Numbers when thus multiplied together are called 
thejactors of the product made. 

^. The product made by rmUtiplying together a 
number and the difference of two other numbers is the 
same as the difference of the products made by multi- 
plying together that number (md each of the two other 
numbers. 
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Let the row of dots AB represent the greater of 
two numbers and the part CB of that row the less^ so 
that the remaining part ^C? represents the difference. 
Let as many such rows and parts of rows as are 

A c B 





c 
















F 



D F £ 

expressed by any third number be placed side by side 
thus forming the whole system of dots ADEB and 
the parts of that system ADFC, CFEB. The sys- 
tems ADEBy CFEB, represent the products made 
by multiplying together the third number and each 
of the two numbers, and the system ADFC represents 
the difference of these products and also the product 
made by multiplying together the third niunber and 
the difference of the two numbers. Therefore the 
product of a number and the difference of two num- 
bers is the same as the difference of the products of 
that number and each of the two. 

21. The prodiict made by multiplying together a 
number and the result of a series of successive additions 
and subtractions of numbers is the same as the restdt of 
the like series of successive additions and subtractions 
of the products made by multiplying together the first 
number and each of the other numbers. 
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The product made by multiplying together a num- 
ber and the result of a series of successive additions 
and subtractions of numbers^ being (art. 10) the same 
as the product made by multiplying together that 
number and the difference of two sums the one of the 
number first operated on and all the niunbers added 
in the series and the other of all the numbers sub- 
tracted^ is (art. 20) the same as the difference of the 
products made by multiplying together that number 
and each of those sums^ and therefore is (art. 18) also 
the same as the difference of two sums the one of the 
products made by multiplying together that number 
and each of the numbers yielding the former sum 
and the other of the products made by multiplying 
together that same number and each of the numbers 
yielding the latter sum. But this last-mentioned 
difference is (art. 10) the same as the result of a 
series of successive additions and subtractions in 
which the number first operated on and the numbers 
added are the products that make up the former of 
the two last-mentioned sums and the numbers sub- 
tracted are the products that make up the latter. 
Therefore the product made by multiplying together a 
number and the result of a series of successive addi- 
tions and subtractions of other numbers is the same as 
the result of the like series of successive additions and 
subtractions of the products made by multiplying 
together that number and each of the other numbers. 
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22. To divide one of two given numbers by the 
other/ that is, to find the number of equal parts 
each equal to the latter given number which either 
by themselves or together with a part less than that 
number make up the former given number as a whole. 

The number to be divided is called the dividend, 
the number to which each of the equal parts of the 
dividend is to be equal the divisor, the ilumber v^hich 
expresses how many of these equal parts the dividend 
contains the quotient, and the remaining part of the 
dividend the remainder of the division. 

If from the dividend a number equal to the divisor 
be subtracted, and from the remainder left another 
precisely equal number be subtracted, and from the 
remainder then left another and so on, until at length 
there be left either nothing at all or a remainder less 
than the divisor ; the number expressing how many 
of these numbers have been so subtracted is the quo- 
tient, and the remainder of the last subtraction is the 
remainder of the division. For the last remainder is 
(art. 8) the same as the remainder which would be 
got by at once subtracting the sum of these numbers. 

The product made by multiplying the divisor by 
the quotient either is equal to the dividend or is less 
than and differs from the dividend by a number less 
than the divisor. 

When the dividend is wholly made up of parts each 
equal to the divisor the division is called exact, in 
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Other words an exact division is one in which there is 
no remainder. For a reason which will appear fiEurther 
on, all the divisions spoken of in the following articles 
are none other than exact divisions ; so that in every 
case that follows the dividend is equal to the sum of 
as many numbers each equal to the divisor as are 
expressed by the quotient, or which is the same thing 
is equal to the product of the multipHcation by the 
quotient of the divisor. In such case the quotient 
expresses the multiple (art. 15) which the dividend is 
of the divisor. 

2S. If a magnitude he a multiple of another mc^ni- 
tude any magnitude equal to the first is the same 
multiple of any magnitude equal to the second. 

If equals be taken from equals the remainders are 
Cart. 3) equal, and if the like equals be taken from 
the equal remainders the new remainders are equal, 
and so on. Hence if at any stage one of the original 
equals be exhausted so likewise is the other. 

In particular when the equals are equal numbers, 
the quotients got by dividing equals by equals are 
equal. 

24. If the division of one number by another give 
a third number for quotient, the division of the first 
number by the third gives the second number for 
quotient. 
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If the division of one number by another give a 
third number for quotient, the first number is (art. 22) 
equal to the product made by multiplying the second 
number by the third, and therefore is (art. 17) also 
equal to the product made by multiplying the third 
number by the second. Hence if the first number be 
divided by the third number the quotient obtained is 
(art. 22) identical with the second number. 

25. jThe quotient got by dividing one number by 
another is the same as the quotient got by dividing the 
product of the multiplication by the former number of 
any number by the product of the multiplication by the 
latter number of that same number. 

Since in any exact division the dividend is equal to 
the product made by multiplying the divisor by the 
quotient, the product made by multiplying any num- 
ber by the dividend is equal to the product made by 
multiplying that same number by the product of the 
multiplication of the divisor by the quotient, and 
therefore is (art. 16) also equal to the product of the 
multiplication by the quotient of the product made by 
multiplying the said same number by the divisor. 
Hence if the product made by multiplying any num- 
ber by the dividend be divided by the product made 
by multiplying the same number by the divisor the 
quotient obtained is (art. 22) identical with the quo- 
tient of the original division. 

C 
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26. If a number he divided by another number , and 
the quotient got be divided by another number y and ihe 
quotient then got by another, and so on / the final qua^ 
tient is the same in whatever order of succession the 
divisions by the numbers are performed, and is the 
same as the quotient got by dividing the first number 
by the product made by multiplying together aU the 
other numbers. 

In a series of divisions by numbers in succession 
of a number and of the quotients that are successively 
obtained, the first dividend is (art. 22) equal to the 
product made by multiplying the first divisor by the 
first quotient ; also the first quotient^ being the second 
dividend, is equal to the product made by multiplying 
the second divisor by the second quotient. Therefore 
the first dividend is equal to the product made by 
multiplying the first divisor by the product of the 
multiplication by the second quotient of the second 
divisor, and therefore is (art. 16) also equal to the 
product of the multiplication by the second quotient 
of the product made by multiplying the first divisor 
by the second. Again, because the second quotient 
in the series of divisions is the third dividend and 
consequently equal to the product made by multi- 
plying the third divisor by the third quotient, it 
follows in exactly the same way that the first dividend 
is equal to the product of the multiplication by the 
third quotient of the final product made by mjilti- 
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plying the first divisor by the second and the product 
so made by the third divisor. And by successive 
precisely like steps it at last follows that the first 
dividend is equal to the product of the multiplication 
by the last quotient of the final product made by 
multiplying the first divisor by the second, the pro- 
duct thus made by the third, the product then made 
by the fourth^ and so on to the last of the divisors. 
Therefore the last quotient in the series of divisions 
is (art. 22) identical with the quotient got by 
dividing the first dividend by the final product made 
by multiplying by the second^ third, fourth^ &c. 
divisors in succession the first divisor and the pro- 
ducts successively made. 

Now if the same numbers be used as divisors but 
the order of succession of the divisions by them be 
changed in any way, the last quotients obtained are 
always the same as the quotients got by dividing the 
first dividend by the final products made by multi- 
plying by all the divisors except one of them in 
succession that one and the products successively 
made. But all these final products are (art. 19) equal 
to one another. Hence if there be divided by given 
numbers in succession a given number and the 
quotients that are successively obtained, the final 
quotient is the same in whatever order of succession 
the divisions by the given numbers are ^xfeTcc^a^^ 
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and is the same as the quotient got by dividing the 
given dividend by the product of the multiplication 
together of all the given divisors. 

27. If a ntimber be divided by another number and 
the quotient be muMplied by a third number, the pro^ 
duct is the same as the quotient of the division by the 
second number of the product made by multiplying the 
first number by the third. 

Since when one number is divided by another the 
first is (art. 22) equal to the product made by multi- 
plying the second by the quotient, the product made 
by multiplying the first number by any third number 
is (art. 15) equal to the final product made by 
multiplying the second number by the quotient of the 
division of the first number by the second and then 
multiplying the product so made by the third number, 
and is consequently (art. 16) also equal to the product 
made by multiplying the second number by the pro- 
duct of the multiplication by the third number of 
the quotient got by dividing the first number by the 
second. Therefore if the product made by multi- 
plying the first number by the third be divided by 
the second, the quotient obtained is (art. 2S) the 
same as the product made by multiplying by the 
third number the quotient of the division of the first 
by the second. 
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28. The result of a series of successive operations 
consisting of multiplications and divisions by numbers 
is the same in whatever possible order of succession 
these operations are performed y and is the same as the 
quotient got by dividing the product of the muttiplica- 
fion together of the number first operated on and cUl 
the numbers used as multipliers by the product of the 
mtdtiplication together of aU the numbers used as 
divisors. 

Let there be multiplied by numbers in succession 
a number and the products that are successively ob- 
tained^ let there be then divided by numbers in suc- 
cession the last product and the quotients that lEire 
successively obtained^ again let there be multiplied 
by numbers in succession the last quotient and the 
products that are successively obtained^ again let 
numbers be used as before for successive divisors, 
then numbers for successive multipliers^ and so on to 
any length. Since the successive divisions by the 
numbers in any set of divisors give (art. 26) the 
same result as an immediate division by the product 
of the numbers in the set, and the successive multi- 
plications by the numbers in any set of multipliers 
give (arts. 16 and 19) the same result as an imme- 
diate multiplication by the product of the numbers 
in the set, the result of the series of successive mul- 
tiplications and divisions is the same as the result of 
another series of successive operations which consists 
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in dividing the product of the number first operated 
on and all the numbers in the first set of multipliers 
by the product of all the numbers in the first set of 
divisors, multiplying the quotient thus got by the 
product of all the numbers in the second set of multi- 
pliers, dividing the product then got by the product 
of all the numbers in the second set of divisors, and 
so on to the end of the sets of multipliers and divisors. 
Now in the latter series of operations, because a 
division by one number followed by a multiplication 
of the quotient by another gives (art. 27) the same 
result as a multiplication by the latter number 
followed by a division of the product by the former, 
the result after the second division is the same as 
would be got by multiplying the product of the 
number first operated on and the numbers in the 
first set of multipliers by the product of the num- 
bers in the second set of multipliers, dividing the 
product so got by the product of the numbers in the 
first set of divisors, and dividing the quotient then 
got by the product of the numbers in the second set 
of divisors. Again these last-mentioned two suc- 
cessive divisions give (art. 26) the same result as an 
immediate division by the product of the two divisors ; 
and the product of two products is (arts. 16 and 19) 
the same as the product of all the factors of both 
products. Hence the result got at the end of the 
/second set of divisions in the original series of opera- 
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tions^ or aflter the second division in the equivalent 
series^ is the same as the quotient got by dividing the 
product of the multiplication together of the number 
first operated on and all the numbers in the first and 
second sets of multipliers by the product of the multi- 
plication together of all the numbers in the first 
and second sets of divisors. In the same way may it 
be shown that the result got at the end of the third 
set of divisions in the original series of operations or 
after the third division in the equivalent series is the 
same as the quotient arising from the division of the 
product of the number first operated on and all the 
numbers in the firsts second, and third sets of mul- 
tipliers by the product of all the numbers in the first, 
second, and third sets of divisors. And by successive 
precisely like steps it at last follows that the final 
result of a series of successive multiplications and 
divisions is the same as the quotient got from the 
division of the product made by multiplying to- 
gether the number first operated on and all the 
numbers used as multipliers by the product made 
by multiplying together all the numbers used as 
divisors. 

Moreover, since this quotient is (art. 19) always 
the same provided only the same numbers be used 
one of them as the number first operated on and the 
rest as multipliers and the same numbers be u!8e.^^s^ 
divisors^ it follows that tlxe oi^e^t oi «v3LCRfc%«tfs«^ ^ '^^ 
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series of successive multiplications and divisions by 
given numbers nowise affects tbe final result. 

In multiplications and divisions by given numbers 
in succession of a given number and the results suc- 
cessively obtained there may be particular orders of 
succession of the operations in which an inexact 
division is proposed to be effected. The proposition 
must for the present (art. 22) be supposed to apply 
to such orders of succession only as give rise to exact 
divisions. 

29. The sum of the qtiotients got by dividing ewA 
of any numbers by one and the same number is the 
same as the quotient got by dividing the sum of those 
numbers by that number. 

If each of any numbers be divided by another num- 
ber^ the sum of those numbers is (art. 2%) equal to 
the sum of the products made by multiplying the 
common divisor by each of the resulting quotients ; 
and consequentiy is (art. 18) also equal to the product 
made by multiplying the common divisor by the sum 
of the quotients. Hence if the stun of the dividends 
be divided by the common divisor the quotient 
obtained is (art. 22) identical with the sum of the 
quotients. 

30 The difference of the quotients got by dividing 
each of two numbers by the same number is the same 



AkTS- 30, 31.] PUBB ARITHMETIC. 41 

as the qtiotient got by dividing the difference of the 
two numbers by that same number. 

If each of two numbers be divided by a tiiird num- 
ber, the difference of the two numbers is (art. 2S) 
equal to the difference o£ the products made by multi- 
plying the third number by each of the quotients ; 
and therefore is (art. 20) also equal to the product 
made by multiplying the third number by l^e differ- 
ence of the quotients. Hence if the difference of the 
two numbers be divided by the third number the 
quotient got is (art. 22) the same as the difference of 
the quotients. 

3L The resuU of a series of successive additions 
and subtractwns of the quotients arising from the 
divisions of each of any numbers by one and the same 
number is the same as the quotient arising from ihe 
division by the sdf-same number of the result of the 
like series of successive additions and subtractions of 
the numbers themselves. 

If each of any numbers be divided by one and the 
same number, the result of a series of successive 
additions and subtractions of the numbers is (art. 9SS) 
equal to the result of the like series of successive 
additions and subtractions of the corresponding pro- 
ducts made by multiplying the common divisor by 
each of the quotients; and hence is (art. 21) also 
equal to the product made by multiplying the com-r 
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mon divisor by the result of the exactly like series of 
successive additions and subtractions of the corre- 
sponding quotients. Therefore if the result of the 
series of successive additions and subtractions of the 
numbers be divided by the common divisor^ the quo- 
tient got is (art. 22) the same as the result of the 
like series of successive additions and subtractions of 
the quotients got by dividing the numbers severally 
by the common divisor. 



32. If a magnitude be wholly broken up into any 
number of parts all of which are equal to one ano- 
ther, each of these parts or whatever is equal to each 
of them is called a measure or stcbmtdtijple of the 
magnitude; and any one or any group either of these 
parts or of whatever magnitudes are equal to them 
constitutes what is called a fraction of the mag- 
nitude. In other words a fraction of a magnitude is 
simply any multiple (art. 15) of any submultiple of 
the magnitude. 

In order to fix on firm ground the following 
explanations and definitions a few simple matters 
concerning submultiples must be noticed. If a 
magnitude be wholly broken up into any number of 
equal parts and an equal magnitude be likewise 
wholly broken up into the same number of equal 
parts, each of the parts of the one is equal to each 
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of the parts of the other^ or more shortly equisub- 
multiples of equals are equal. For otherwise, each 
of the parts of one of the magnitudes would be 
greater than each of the parts of the other, and a 
magnitude of which the parts are as many as and 
severally greater than the parts of another magnitude 
would be not greater than that other, which is 
(art. 3) impossible. Again any submultiple of the 
greater of two unequal magnitudes is greater than 
the same submultiple of the less. For the sub- 
multiple of the greater can be neither equal to 
nor less than the submultiple of the less ; since in 
the former case equimultiples of equals would be 
not equal, and in the latter a whole of which the 
parts are as many as and severally greater than 
the parts of another whole would be less and there- 
fore not greater than that other, and both cases 
are (arts. 15 and 3) impossible. Hence once more if 
a magnitude be wholly broken up first into a certain 
number of equal parts and then into a greater num- 
ber of equal parts, each of the latter parts is less 
than each of the former. Because so many of the 
latter parts as there are of the former make up 
only a portion of the magnitude, and consequently 
each of the former parts stands to each of the latter 
in the relation of a submultiple of the greater of 
two unequal magnitudes to the same submultiple 
of the less. 
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Since a magnitude may be wholly broken up 
into equal parts in endless diflferent ways there are 
endless different ranks or classes of submultiples of 
any one magnitude. Any particular class of sub- 
multiples of a magnitude may however be readily 
distinguished from all other classes of submultiples 
of the same magnitude by simply noting how many 
submultiples of the class make up the magnitude. 
Accordingly the number which expresses how many 
submultiples of a certain class or denomination make 
up the magnitude is called the denominator of all 
fractions of the magnitude that consist of such sub- 
multiples. The number which expresses how many 
submultiples of the class indicated by the deno- 
minator are contained in any fraction of a magnitude 
is called the numerator of the fraction. Fractions 
are named by means of their numerators and de- 
nominators as in the following instances : — If a 
magnitude be wholly broken up into sefoen equal 
parts^ a magnitude consisting of four of these parts 
or submultiples is called four seventh -parts or 
simply four-sevenths of the first magnitude, another 
magnitude made up of twehe of such submul- 
tiples twehesevenths ,' the first of these mag- 
nitudes is likewise seven-fourths of the second 
magnitude and seven-twelfths of the third; more- 
over the second magnitude is four-twelfths of the 
tlurd, and the third twehe-fourths of the second. 
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The numerator and denominator of a fraction are 
called its terms. 

Any fraction of a magnitude which contains fewer 
submultiples of the magnitude than the magnitude 
itself is called a prtjper fraction of the magnitude ; 
•any other fraction of a magnitude is called an 
improper fraction of it. Any improper fraction (tf a 
magnitude is manifestly either a number of mag- 
nitudes each equal to that magnitude (viz. when 
the numerator of the fraction is exactly divisible by 
the denominator) or a number of such magnitudes 
and a proper fraction of one of them taken together 
(viz. when the numerator is not exactly divisible by 
the denominator). On the other hand any number 
of equal magnitudes may be expressed as an improper 
fraction of one of them having any given number 
for denominator ; for^ each of the magnitudes being 
broken up into as many equal parts as are expressed 
by the given number^ the magnitudes consist of as 
many of these equal parts as are expressed by the 
product made by multiplying that given number by 
the number expressing how many magnitudes there 
are^ and hence are the fraction of one of themselves 
whose numerator is this product and denominator the 
given number. It is immediately evident that a 
magnitude may be expressed as an improper fraction 
of itself by simply taking any number for both 
numerator and denominator. 
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Thus it appears that every magnitude and that 
every group of equal magnitudes is actually a frac- 
tion. Hence all the possible different fractions of 
any magnitude include among them all the possible 
different numbers of whatever magnitudes are equal 
to that magnitude; and consequently single mag- 
nitudes, groups of equal magnitudes, and what are 
only fractions of magnitudes, may be all considered 
together under one and the same general notion. 
Instead of introducing a new word for this notion, 
the common practice in language, of making the 
word abeady used for a portion of a class stand for 
the whole, is followed ; and the term number, which 
at first was only applied to any thing taken singly 
and to any group of things, now receives a wider 
meaning and is further applied to any fraction of 
a thing — provided of course the thing be a magni- 
tude and so capable of furnishing fractions of itself. 
Numbers of whatever magnitudes are equal to one 
another, whether single magnitudes, groups of mag- 
nitudes, or only fractions of magnitudes are all said 
to refer to the same unit or unit-magnitude. When 
it is necessary to distinguish single units and groups 
of units from what are merely fractions of units the 
former are called whole numbers and the latter frac- 
tional numbers. 

Fractions of any unit-magnitude are actually whole 
numbers ofcextmi new classes or orders of units, and 
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these new units are precisely the various submultiples 
of the unit-magnitude. With a view to distinguish 
the subordinate units of these new classes from the 
primary units to which fractions refer, and at the 
same time to mark that they are submultiples of 
those units, they may be called the subunits of which 
the fractions are made up. Units of different orders 
are not here considered for the first time ; since in 
the operation of multiplication the multiplier refers 
to units each equal to the number of primary units 
expressed by the multiplicand, and in the operation 
of division the quotient refers to units each equal to 
the number of primary units expressed by the divisor. 
The units here introduced however are submultiples 
of the primary unit whereas the units to which the 
multiplier and quotient have reference are multiples 
of the primary unit. Whatever the primary unit 
be there can always be multiples of it, but there can 
be submultiples of the primary unit only when it is a 
magnitude. It is always understood that units are 
magnitudes unless it be expressly stated that they 
are not. 

33. A fraction is equal to another fraction of which 
the terms are the products made by multiplying any 
whole number by the corresponding terms of the former. 

If each of the subunits that make up any fraction, 
and also each of the subunits of t\xe ^^m^ ^^\LQ\s£)Xis&2«kSs^ 
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that make up the unit to which the fraction refers, he 
broken up into as many equal parts as are expressed 
by any whole number ; all these parts are equal to 
one another, because equisubmultiples of equal sub- 
imits are equal ; and hence each of them is at once a 
submultiple of the fraction and a submultiple of the 
unit to which the fraction refers. Further, the frac- 
tion contains so many of them as are expressed by 
the product made by multiplying the whole number 
by the mmierator of the fraction, and the imit so 
many as are expressed by the product made by mul- 
tiplyiog the whole number by the denominator. 
Therefore the fraction is equal to another fraction of 
which the former product is the numerator and the 
latter product the denominator. In feust the fraction 
thus foimd is only the original fr-action expressed 
in other terms. 

34. Any Jrctctions being given havmg aU different 
denominators y to Jlnd frctctians severally equal to them 
having aU the same denominator. 

Since each of any fractions that have all different 
denominators is (art. 33) equal to a fraction whose 
terms are the products made by multiplying any whole 
number by the corresponding terms of that fraction, 
it is only required to find as many whole nimibers as 
there are fractions which when multiplied severally 
bjr the denominators shall all produce the same num- 
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Jber. If a whole number can be found which is 
exactly divisible by each of the denominators the 
quotients got from dividing this whole number by the 
several denominators fulfil the condition required; 
for the product made by multiplying by any deno- 
minator the quotient of the division of the whole 
number by that denominator is (art. 17) the same as 
the product made by multiplying the denominator by 
the quotient and therefore is (art. 22) the same as the 
whole number itself. Endless whole numbers can be 
found that are exactly divisible by every one of the 
denominators. In particular, the product of the mul- 
tiplication together of all the denominators is such a 
whole number, being (arts. 16 and 19) identical with 
the product made by multipljring any one of the deno- 
minators by the product of the multiplication together 
of all the rest. 

The matter of this article may be stated in other 
words: — Having given fractions expressed in sub- 
units of different denominations to express the same 
fractions in subunits of one and the same deno- 
mination. 

85. To add together given fractions y and from the 
greater of two given fractions to stAtract the less. 

To add together given fractions is to find the 
fraction of which the given fractions are the parts. 
The given fractions, when ths^ Imc^^ %. ^ss^assjLss^ 
D 
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denominator are, and when they have not a com- 
mon denominator may (art. 34) be expressed as^ 
whole numbers of subunits of the same denomina- 
tion, and consequently are to be added together in 
the same way as any whole numbers (art. 4). 
Therefore the sum is a fraction having for nume- 
rator the sum of the numerators, either of the 
fractions themselves when they have a common 
denominator, or of fractions severally equal to them 
that have a common denominator when themselves 
have not, and for denominator the common deno- 
minator, eitljer of the fractions, or of the fractions 
equal to the fractions. 

From the greater of two given fractions to sub- 
tract the less is to find the fraction which together 
with the latter given fraction makes up the former. 
The given fractions either are, or may be expressed 
as, whole numbers of the same class of subunits, 
and therefore their difference is a fraction whose 
numerator is the difference (art. 6) of the nume- 
rators, either of the fractions themselves when they 
have, or of fractions respectively equal . to them 
that have, when themselves have not, a common 
denominator, and whose denominator is the common 
denominator, either of, or of the fractions equal to, 
the fractions. 

36. Whatever sets of operations, consisting of 
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• 
additions only, of subtractions only, or of additions 

and subtractions only, are equivalent to one another 

in the case of whole numbers are also equivalent to 

one another in the case of fractional numbers. 

The sets of operations referred to are those stated 
at length and shown to be equivalent to one another 
for whole numbers in arts. 5, 7 — 13; and the 
headings of these articles taken together are a fit 
heading for the present article provided numbers 
fractional as well as whole be understood -whenever 
numbers are mentioned in them. 

The additions and subtractions of fractions are 
really only the additions and subtractions of whole 
numbers of the same class of subunits^ of that class 
to wit which is indicated by the common deno- 
minator, either of the fractions themselves, or of 
fractions severally equal to them. Therefore what- 
ever is true of additions and subtractions of whole 
numbers in general is true of th6 additions and 
subtractions of these whole numbers in particular. 

37. To explain the nature of the operations called 
MULTIPLICATION and DIVISION effractions; and to 
show how they are performed. 

To multiply a fraction by a whole number needs 
no explanation; according to the meaning already 
given to multiplication (art. 14) it is simply to find 
the sum of as many fractions eaclx eo^^V ^ ^Ic^ 
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• 

fractional multiplicand as are expressed by the 
whole multiplier. This may be done by the method 
of art. 35^ and hence the product is a fraction 
whose numerator is the product made by multi- 
plying the numerator of the multiplicand by the 
multiplier and whose denominator is the denomi- 
nator of the multiplicand. 

A new operation now comes to be considered, 
viz., the operation of finding the fraction which is 
a certain given fraction of another given fraction. 
Since all whole numbers are (art. S2) actually frac- 
tions, this is clearly a general operation which 
includes as a particular case the operation of find- 
ing the whole number which is made up of a 
given whole number of whole numbers each equal 
to a given whole number. Accordingly the term 
multiplication, which hitherto has been applied only 
to the latter and particular operation, is henceforth 
applied also to the former and general operation. 
The extension of meaning here given to the term 
multiplication is akin to, and indeed arises imme- 
diately out of, that before given (art. 82) to the 
term number. 

To multiply then one given fraction by another, 

that is, according to the explanation just given, 

to find the fraction which is such fraction of the 

former given fraction (or multiplicand) as is ex- 

presaed by the latter ^ven fraction (or multiplier). 
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There must manifestly be found first that submultiple 
of the multiplicand which is indicated by the deno- 
minator of the multiplier and then that multiple of 
the submultiple thus got which is expressed by the 
numerator of the multiplier. Let each of the sub- 
units that make up the multiplicand^ and likewise 
each of the subunits of the same rank that make up 
the unit, be broken up into as many equal parts as 
are expressed by the denominator of the multiplier ; 
all these parts^ being equisubmultiples of equals, are 
equal to one another ; each of them is consequently 
the submultiple of the unit indicated by the product 
made by multiplying the denominator of the multir 
plier by the denominator of the multiplicand ; and 
moreover there are in the multiplicand as many 
groups of them as are expressed by the numerator 
of the multiplicand each of which contains as many 
of them as are expressed by the denominator of the 
multiplier. Next let the equal parts into which the 
multiplicand has been thus wholly broken up be 
arranged anew in other groups by taking one of the 
parts from each of the old groups in order to form 
each of the new; the new groups so made^ being 
equimultiples of equals, are all equal to one another ; 
each new group contains as many of the parts as 
there were old groups, that is, as many as are 
expressed by the numerator of the multiplicand; 
and there are as many new gtou-^^ ^'& \>aa\fc^^«."^^«5^ 
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in each of the old groups, that is, as many as are 
expressed by the denominator of the multiplier. 
Therefore the submultiple of the multiplicand indi- 
cated by the denominator of the multiplier is just 
whatever is equal to one of these new groups, that 
is, a fraction having for numerator the numerator 
of the multiplicand and for denominator the product 
made by multiplying the denominator of the mul- 
tiplier by the denominator of the multiplicand. 
Whence, by simply multiplying this fraction by the 
numerator of the multiplier, it at once follows that 
the product made by multiplying one fraction by 
another is a fraction whose numerator is the product 
made by multiplying the numerator of the multipli- 
cand by the numerator of the multiplier and whose 
denominator is the product made by multiplying the 
denominator of the multiplier byVthe denominator of 
the multiplicand. 

The like result may be otherwise reached. Were 
the denominator of the multiplier the same as the 
numerator of the multiplicand, each of the subunits 
which make up the multiplicand would be that sub- 
multiple of the multiplicand which is indicated by 
the denominator of the multiplier, and so many of 
them as are expressed by the numerator of the multi- 
plier would be that fraction of the multiplicand which 
is expressed by the multiplier. In such a case there- 
/bre the product would be a fraction, having for 
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numerator the numerator of the multiplier and for 
denominator the denominator of the multiplicand. 
Now Tvhen the denominator of the multiplier is not 
the same as the numerator of the multiplicand^ 
fractions maybe found the one equal to the multi- 
plier and the other to the multiplicand such that 
the denominator of the former shall be the same as 
the numerator of the latter^ and these fractions^ being 
in fact merely other expressions for^ may be used 
instead of^ the multiplier and multiplicand. In any 
case the multiplier is (art. 33) equal to a fraction 
whose terms are the products made by multiplying 
the numerator of the multiplicand by the correspond- 
ing terms of the multiplier, and the multiplicand is 
equal to a fraction whose terms are the products 
made by multiplying the denominator of the multi- 
plier by the corresponding terms of the multiplicand ; 
moreover the denominator of the fraction so got equal 
to the multiplier is (art. 17) the same as the nume- 
rator of the fraction so got equal to the multiplicand. 
Hence as before the product is a fraction having for 
numerator the product made by multiplying the 
numerator of the multiplicand by the numerator of 
the multiplier and for denominator the product made 
by multiplying the denominator of the multiplier by 
the denominator of the multiplicand. 

When the numerator of the multiplicand is exactly 
divisible by the denominator oi ^^^ Tsss^&^'st '^'^ 
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product may be found more simply. The division 
being effected the subunits that make up the multi- 
plicand may be disposed in as many groups as are 
expressed by the quotient each containing as many of 
the subunits as are expressed by the denominator of 
the multiplier ; and by taking one subunit out' of 
each of these groups a new group will be formed 
which is that submultiple of the multiplicand indi- 
cated by the denominator of the multiplier. For by 
taking another subunit out of each of the groups 
another precisely equal new group would be formed^ 
and by taking another out of each another precisely 
equal new group would be formed, and so on until at 
length and at the same time all the groups would be 
exhausted, viz., when from each had been taken as 
many subunits as are expressed by the denominator 
of the multiplier. Whence, by taking the multiple 
expressed by the numerator of the multiplier, it 
follows that the product is a fraction whose nume- 
rator is the product made by multiplying the quotient 
by the numerator of the multiplier and whose deno- 
minator is the denominator of the multiplicand. The 
same result may be got by expressing the multiplier 
in terms of the products of the multiplications by itlBr 
terms of the quotient ; since the product madie by 
multipljring the quotient by the denominator of the 
multiplier, being (art. 17) the same as that made by 
multiplying the denominator of t\ie multvjKer by the 
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quotient, is (art. S2) the same as the numerator of the 
multiplicand. The result here got is readily seen 
(arts. 33 and 16) to agree with the result got by 
applying the general method to this case. 

The operation of finding the fraction which is a 
given fraction of a given fraction immediately suggests 
another operation, that of finding the fraction which 
one given fraction is of another given fraction. It is 
at once manifest that this is a general operation 
which includes as a special case the operation of 
finding the whole number that expresses the multiple 
which one given whole number is of another given 
whole number. Accordingly^ taking the same course 
as before, the name division already bestowed on the 
particular operation only is now bestowed on the 
general operation likewise. In fact if a single magni- 
tude or group of equal magnitudes and a fraction of a 
magnitude be classed together and both called nt/m- 
hers^ and if the operation of finding the whole number 
which is made up of a given whole number of given 
equal whole numbers and the operation of finding the 
fraction which is a given fraction of a given fraction 
be classed together and both called muUipHcatioe 
operations ; it seems to be required for the sake of 
mere consistency that the operation of finding the 
whole number of given equal vtrhole numbers which. 
ppoduce a given whole number au'^L \5ckfc Q^taSctfs^^^ 
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finding the firaction of a given fraction which pro- 
duces a given fraction be classed tc^ther and both 
called dtptsive operations. 

Let it be required to divide one given fraction by 
another^ that is, as has just been explained, to find 
the fraction which the former given fraction (or divi- 
dend) is of the latter given fraction (or divisor). If 
the dividend and divisor have the same denominator 
they are the whole numbers expressed by their 
respective numerators of subunits of the same rank, 
and consequently the dividend is that fraction of the 
divisor whose numerator is the numerator of the 
dividend and whose denominator is the numerator of 
the divisor. If the dividend and divisor have not the 
same denominator, fractions may (art. 34) be found 
that are respectively equal to them and that have the 
same denominator, and as before the dividend is that 
fraction of the divisor whose numerator is the nume- 
rator of the fraction equal to the dividend and whose 
denominator is the numerator of the fraction equal to 
the divisor. In any case the dividend is equal to a 
fraction whose terms are the products made by multi- 
plying the denominator of the divisor by the corre- 
sponding terms of the dividend, and the divisor is 
equal to a fraction whose terms are the products 
made by multiplying the denominator of the dividend 
by the corresponding terms of the divisor ; also these 
factions equal respectively to the dividend and divisor 
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have (art. 17) the same denominator. Hence in any 
case the quotient is a fraction having for numerator 
the product made by multiplying the denominator of 
the divisor by the numerator of the dividend and for 
denominator the product made by multiplying the 
denominator of the dividend by the numerator of the 
divisor. 

The division of the unit by a fraction deserves 
separate notice. Because so many of the subunits 
that make up any fraction as are expressed by the 
denominator make up the unit to which the fraction 
refers, the fraction which unity is of any fraction, or 
in other words, the quotient of the division of unity 
by any fraction, is a fraction having for numerator 
the denominator and for denominator the numerator 
of that fraction. Again if imity be divided by a 
fraction expressed in the same terms as the quotient 
SO got, the quotient now got is a fraction expressed in 
the same terms as the original fraction. When two 
fractions are in this way so related that each expresses 
the fraction which unity is of the other, or that the 
fraction of each expressed by the other is unity, each 
is called the reciprocal of the other. 

By using the property of the reciprocal the division 
of one fraction by another may readily be done. For, 
the dividend being the fraction of the unit which 
itself expresses and the unit being the fraction of the 
divisor which the recipiocaY oi tSoL*^ dccfvaRFt ^-x:'^^^^'^^- 
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it follows at once that the dividend is the fraction of 
the divisor expressed by the product made by multi- 
plying the reciprocal of the divisor by the dividend. 
This manifestly tallies with the result before got. 

From the very nature of a fraction it is plain that 
one whole number is that fraction of another whole 
number which has for numerator the former whole 
number and for denominator the latter ; this then is 
the quotient of the division of the one by the other. 
On comparing this quotient with that got by the 
method of art. 22 it is seen that when the dividend is 
exactly divisible by the divisor the results (art. 33) 
agree; but that otherwise the quotient here got 
exceeds the other by the fraction which the remainder 
of an inexact division is of the divisor. The fact is 
that when the dividend is not exactly divisible by 
the divisor the operation of art. 22 is not a division 
(as the term is now imderstoodj of the whole dividend 
but only a division of that part of the dividend which 
together with the remainder makes up the whole. 
Whence it appears that divisions performed by the 
method of art. S2 can be regarded as complete opera* 
tions only in the cas^ of exact divisions^ for in the 
case of inexact divisions account cannot be taken in 
the quotient of the remainder and so far there fails to 
be effected a complete division or measurement of the 
dividend by the divisor. Any inexact division may 
however he rendered complete by simply adding to 
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the incomplete quotient the fraction which the 
tcrnfainder is of the divisor, and the sum is the 
complete quotient. Throughout arts. 23 — 31 all the 
divisions spoken of were supposed to be exact because 
such are the only complete divisions that can be 
effected without using fractions. Whenever opera- 
tions of division are mentioned complete divisions 
are meant unless incomplete divisions are expressly 
specified. 

Here it may be noticed that in any multiplicative 
operation the product expresses in reference to the 
chief unit that which the multiplier expresses in 
reference to the multiplicand as unit, and in any 
divisive operation the quotient expresses in reference 
to the divisor as unit that which the dividend 
expresses in reference to the chief unit. Wherefore 
in multiplication the multiplicand and product both 
refer to the unit-in-chief while the multiplier refers to 
the multiplicand as unit, and in division the dividend 
and divisor both refer to the unit-in-chief while the 
quotient refers to the divisor as unit. 

38. In order to complete so &r as is at present 
possible the system of extended notions of number 
and numerical operations which have been seen to 
spring out of the notion of a fraction, an extension 
may now be given to this notion itself. It is readily 
suggested that as a magnitxxAi^ xcivjXife ^sfiJosfiiSiX<^^sv 
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reference to another magnitude by means of the 
whole numbers of parts each equal to a third magni- 
tude of which the first and second magnitudes are 
respectively made up, so may a magnitude be esti- 
mated in reference to another magnitude by means of 
the fractions which these magnitudes are respectively 
of a third magnitude. Whence arises the notion of 
what may be called a fraction having a fraction for 
numerator and a fraction for denominator. For the 
sake of distinction a fraction whose terms are whole 
numbers is called a simple fraction^ and a fraction 
whose terms are fractional numbers a complex 
fraction. 

A complex fraction of a magnitude may be 
expressed in the form of a simple fraction. For a 
complex fraction is the simple fraction expressed by 
the fractional numerator of such a magnitude as is 
determined by the condition that the simple fraction 
of it expressed by the fractional denominator is the 
unit-magnitude to which the complex fraction refers. 
If then the fractional terms have the same denomi- 
nator, the complex fraction consists of the whole 
number, expressed by the numerator of the fractional 
numerator, of those submultiples of the said mag- 
nitude that are indicated by the common denominator, 
and the unit-magnitude consists of the whole number 
of those same submultiples expressed by the nume- 
rator oi the fractional denominator; therefore the 
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complex fraction is identical with the simple fraction 
haying for numerator the numerator of the numerator 
and for denominator the numerator of the denomi- 
nator. If again the fractional terms have not the 
same denominator, there are fractions respectively 
equal to them that have the same denominator which 
being only other expressions for them may be used in 
their stead. By taking instead of the numerator the 
fraction whose terms are the products made by mul- 
tiplying the denominator of the denominator by the 
corresponding terms of the numerator, and instead of 
the denominator the fraction whose terms are the 
products made by multiplying the denominator of 
the numerator by the corresponding terms of the 
denominator, the complex fraction is expressed in 
fractional terms that have (art. 17) the same denomi- 
nator. Hence in any case a complex fraction is 
identical with a simple fraction whose numerator is 
the product made by multiplying the denominator of 
the denominator by the numerator of the numerator 
and whose denominator is the product made by mul- 
tiplying the denominator of the numerator by the 
numerator of the denominator. 

Since a complex fraction denotes the^ fraction 
expressed by its numerator of that whereof the frac- 
tion expressed by its denominator is the unit, the 
quotient of the division of one simple fraction by 
another may manifestly be al onefe ^T^Yt^'sJSfe^x^.'^^'ei 
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form of a complex fraction. The quotient is the 
complex fraction whose numerator is the diyidend 
and whose denominator is the divisor. By expressing 
this complex fraction in the form of a simple fraction 
the result is seen perfectly to agree with foregoing 
results. Moreover, because that whereof a certain 
simple fraction is the unit is expressed by the simple 
fraction's reciprocal, a complex fraction is the same as 
the simple fraction which is the product made by 
multiplying the reciprocal of the denominator by the 
numerator. 

In the same way as the notion of a complex frac- 
tion is got from the notion of a simple fraction by 
taking simple fractions instead of whole numbers for 
the terms, so may a notion be got of a still more com- 
plex fraction by taking complex fractions instead of 
simple fractions for the t^rms. Such a fraction, of 
the second degree of complexity, may be expressed in 
the form of a simple fraction by first expressing each 
of itS' terms in the form of a simple fraction in the 
way just shown and then expressing in the same 
way the fraction of the first degree of complexity so 
got in the form of a simple fraction. 

So likewise may notions be got of fractions of 

higher and higher degrees of complexity by taking 

fractions of any degree of complexity for the terms of 

a fraction of the next higher degree. Also a fraction 

of any degree of complexity may be expressed step by 
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step in the forms of fractions of lower and lower 
degrees and at last in the form of a simple fraction. 

It is clear that complex fractions of whatever 
degrees of complexity may enter into additions sub- 
tractions multiplications and divisions and that 
these operations may be performed by the methods 
already given since any fraction however complex 
may be expressed in the form of a simple fraction. 

39. If equals he multiplied by equals the prodiccts 
are equal. And if equals be divided by equals the 
quotients are equal. 

If equals be multiplied by equals the equal multi- 
pliers either are, or may (arts. 34, 38) be expressed 
as, simple fractions that have the same denominator. 
And these fractions must also have the same nume- 
rator, for otherwise they would not be equal to one 
another. Now the equisubmultiples of the equal 
multiplicands indicated by the common denominator 
of these fractions are (art. 32) equal, and therefore 
the equimultiples of those submultiples expressed 
by the common numerator are (art. 15) equal. 
Hence the products made by multiplying equals by 
equals are equal. 

It is likewise clear that if equals be multiplied by 
unequals the product of the multiplication by the 
greater unequal is greater than the product of the 
multiplication by the less. For ^s ^i^fex'^ ^^ x«nrw;s*s5s. 

E 
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multipliers either are or may be expressed as simple 
fractions that have the same denominator, and the 
greater of these fractions must have the greater 
numerator. Hence the product made by multiplying 
by the greater multiplier exceeds the product made 
by multiplying by the less by the multiple expressed 
by the excess of the greater numerator over the less 
of the submultiple of either of the equal multipli- 
cands indicated by the common denominator. 

From this it follows at once that the quotients of 
the divisions of equals by equals are equal. For the 
products made by multiplying the equal divisors by 
the quotients being equal to the equal dividends are 
equal to one another, and from what has just been 
shown thi^ cannot be unless the quotients are 
equal. 

40. Whatever sets of operations are equivalent to 
one another in the case of whole numbers are also 
equivalent to one another in the case of fractional 
7iumbers, 

The sets of operations here referred to are those 
stated at length and proved to be equivalent to one 
another in the case of whole numbers throughout 
arts. 5, 7—13, 16—21, 24—31, and the headings of 
these articles taken altogether will serve as a fit 
heading for this article if whenever numbers are 
mentioned numbers fractional as well as whole be 
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understood. So far as additions and subtractions 
only are concerned the proposition has already (art. 
36) been proved. 

In so far as multiplications, either alone or 
combined with additions and subtractions only, are 
concerned, the equivalences stated and proved for 
whole numbers throughout arts. 16 — 21 are readily 
seen to depend wholly on the foUowing four pro- 
positions : — 

(1) The final product made by multiplying by the 
second third fourth &c. of any numbers in 
succession the first of them and the products 
successively made is the same as the product made 
by multiplying the first number by the final pro- 
duct made by multiplying by the third fourth 
fifth &c. numbers in succession the second num- 
ber and the products successively made. 

(2) If two of any set of numbers be multiplied 
together, and the product so made and another 
number of the set be multiplied together, then this 
new product and another of the set, and so on to 
the end of the set, the final product is the same in 
whatever order the numbers of the set are taken. 

(3) The product made by multiplying together a 
number and the sum of other numbers is the same 
as the sum of the products made by multiplying 
together that number and each of the othsxi 
numbers. 
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(4) The product made by multiplying together a 
number and the difference of two numbers is the 
same as the difference of the products made by 
multiplying together that number and each of the 
two numbers. 

Hence these being proved for fractional numbers 
the proposition itself becomes proved so far as 
additions subtractions and multiplications only are 
concerned. 

(1) Let there be any given fractions. Let as 
many magnitudes as there are fractions be taken 
such that the first of them is the fraction of the unit- 
magnitude expressed by the first of the given frac- 
tions, the second magnitude the fraction of the first 
expressed by the second of the given fractions, the 
third magnitude the fraction of the second expressed 
by the third of the fractions, and so on for the rest, 
each magnitude being the fraction of the magnitude 
next before it expressed by the corresponding given 
fraction. The second magnitude is the fraction of 
the unit-magnitude expressed by the product made 
by multiplying the first fraction by the second. 
Hence the third magnitude is the fraction of the unit 
expressed by the final product made by multiplying 
the first fraction by the second and then multiplying 
the product so made by the third fraction. Hence by 
successive precisely like steps it follows that the last 
of the magnitudes is the fraction of t\i^\mil-ma.gaitude 
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expressed by the final product made by multiplying 
by the second third fourth &c. fractions in succes- 
sion the first fraction and the products successively 
made. Now in exactly the same way it appears that 
the last of the magnitudes is the fi-action of the first 
of them expressed by the final product made by mul- 
tiplying by the third fourth fifth &c. of the 
fractions in succession the second of them and the 
products successively made ; aiid therefore the last of 
the magnitudes is the fraction of the unit-magnitude 
expressed by the product made by multiplying the 
first fraction by the last-mentioned final product. 
These two expressions of the last of the magnitudes 
in reference to the unit-magnitude are consequently 
identical. 

(2) The product made by multiplying one fraction 
by another is (art. 37) a fraction whose numerator is 
the product made by multiplying the numerator of 
the former by the numerator of the latter and whose 
denominator is the product made by multiplying the 
denominator of the latter bv the denominator of the 
former. But (art. 17) each of these products is the 
same as the product made by interchanging the mul- 
tiplicand and multiplier. Therefore the product 
made by multiplying one fraction by another is the 
same as the product made by multiplying the latter 
by the former; and hence it may be said that tlse. 
product made by multiplying \,oge\>RRX X?^^ Sx^^"^^^^ 
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is a fraction whose numerator is the product made by 
multiplying together their numerators and whose 
denominator is the product made by multiplying 
together their denominators. Again if the product of 
:the two fractions and a third fraction be multiplied 
together the product made is in like manner a fraction 
whose terms are the products made by multiplying 
together the corresponding terms of the third fraction 
and of the product of the multiplication together of 
the two fractions. But neither of these products is 
(art. 19) at all affected by changing the order of the 
factors. Therefore the same final product is obtained 
however the order of the three fractions be changed; 
and this final product, which may be called simply 
the product made by multiplying together the three 
fractions, is a fraction whose numerator is the product 
of the multiplication together of the three numerators 
and whose denominator is the product of the multipli- 
cation together of the three denominators. In exactly 
the same way it follows (arts. 37, 17, and 19) that if 
any two out of -a set of fractions be multiplied 
together, and the product so made and another frac- 
tion of the set be multiplied together, and the product 
then made and another of the set, and so on until the 
whole set be exhausted, the final product is a fraction 
whose numerator is the product made by multiplying 
together all the numerators of the fractions and whose 
denominator is the product made by multiplying 
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together all the denominators, and consequently is 
the same in whatever order the fractions are taken; 
out of the set. 

(3) Since the sum of any fractions is (art. 35) a 
fraction whose numerator is the sum of the nume- 
rators, either of the fractions themselves when they 
have all the same denominator, or of fractions severally 
equal to them that have all the same denominator- 
when the fractions themselves have not all the same 
denominator, and whose denominator is the common 
denominator either of the fractions themselves or of 
the fractions severally equal to them; the product 
made by multiplying together any other fraction and 
that sum is a fraction having for numerator the pro- 
duct of the multiplication together of the numerator 
of the fraction and the forementioned sum of nume- 
rators and for denominator the product of the 
multiplication together of the denominator of the 
fraction and the forementioned common denominator. 
But the fraction thus got is (art. 18) identical ynth a 
fraction having the same denominator but having for 
numerator the sum of the products made by multiply- 
ing together the numerator of the single fraction and 
each of the forementioned numerators, and this frac- 
tion again is (art. 35) the sum of the products made 
by multiplying together the single fraction and each 
of the fractions whose sum was found. Therefore the 
product made by muUipVYin^ Vo^^\)cvax "sy. \xr?sR.*vx<s^ 
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and the sum of fractions is the same as the sum of the 
products made hy multiplying together the fraction 
and each of the fractions. 

(4) Because the difference of two fractions is 
(art. 35) a fraction having for numerator the differ- 
ence of the numerators, either of the fractions 
themselves when they have a common denominator, 
or of fractions respectively equal to them that have a 
common denominator when themselves have not, and 
for denominator the common denominator either ol 
the fractions or of the fractions respectively equal to 
them ; the product made by multiplying together a 
third fraction and the difference of the two fractions 
is a fraction whose numerator is the product made by 
multiplying together the numerator of the third frac- 
tion and the difference of the numerators aforesaid and 
whose denominator is the product made by multiply- 
ing together the denominator of the third fraction 
and the common denominator aforesaid. But the 
difference of the products made by multiplying 
together the third fraction and each of the two frac- 
tions is (art. 35) a fraction whose numerator is the 
difference of the products made by multiplying 
together the numerator of the third fraction and each 
of the aforesaid numerators and whose denominator 
is the product made by multiplying together the 
denominator of the third fraction and the aforesaid 
common denominator. Now the fractions got by 
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these different processes are identical since they have 
manifestly the same denominator and have (art. 20) 
also the same numerator. Therefore the product 
made by multiplying together a fraction and the 
difference of two fractions is the same as the differ- 
ence of the products made by multiplying together 
the first and each of the two. 

Lastly, the proposition being thus established so 
far as additions subtractions and multiplications one 
two or all are concerned, it is easily extended to divi- 
sions also. For all the conclusions arrived at 
throughout arts. 24—81 (the articles relating to sets 
of operations in which divisions enter) depend entirely 
on previous conclusions and on the single fact that 
in any complete division the dividend is equal to the 
product made by multiplying the divisor by the 
quotient. Hence all that is said throughout these 
articles applies word for word to the case of fractions, 
numbers being now understood to mean numbers 
fractional as well as whole. 
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